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Let g(i(TN) be the class of real-valued, infinitely differentiable, periodic 
functions, and let B’(TN) be the class of real-valued distributions on TN 
having g(TN) as its test functions. Define Q!(T,) C W( TN) as follows: S is in 
o%(T,) if there is a constant K such that 1 S^(m)I < K for all m, and, further- 
more, limmin(lmll.....lmN~)im I Vm)I = 0. F or 0 < g < i, let C(5) be the 
familiar Cantor set with constant ratio of dissection 6, constructed on the 
interval [-m, n). The following result is established: A necessary and suficient 
condition that C(f,) x *.. x C(fN) b e a set of uniqueness for the class 01( TN) is 
that each &’ be an Y number for j = I,..., N. 
1. INTRODUCTION 
Operating in Euclidean N-space, N > 1, we shall use the following 
notation: x = (x1 ,..., xN), (x, y) = xryr + **. + xNyN , j x 1 = (x, x)li2, 
and 01x + /3y = (cxxr + py, ,..., olx, + PyN). B(xO, h), h > 0, will 
designate the open N-ball with center x0 and radius h, and 
TN = {x: -T < xj < 7r, j = I ,..., N} will designate the N-dimen- 
sional torus. 
B( TN) will denote the class of real-valued functions which are in 
Cm(EN) and periodic of period 27~ in each variable. W( TN) will 
designate the class of real-valued distributions on TN having 9( TN) 
as its class of test functions. 
For S in 9’( TN), we set 
S*(m) = (2~)-~ {S[cos(m, x)] - iS[sin(m, x)]} (1-l) 
for every integral lattice point m and observe from [I, p. 1681 that 
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there exists an integer K such that 
z I sAWI (I m I + I>-” < 03. (1.2) 
Also, we have from this last named reference that for 4 in 5B(TN) 
S(4) = (2V C Vm) V(-4, (1.3) 
V,, 
where 
$^(m) = (27r-N jTN e-i(m4j(x) dx. (1.4) 
In this paper, we shall deal with various subclasses of %(TN), 
namely the following: 
6qTN) = {S : s in g’(TN), 1 S(m)] is uniformly bounded, 
and lim 
min(lmll,...,lm~l)~~ 
I Wm)I = 01; 
Bj( TN) = {S : S in g’( TN) and lim 
lmjl- 
1 P(m)1 = 0}, 
j = l,..., iv; 
(1.5) 
(1.6) 
g’( TN) = fi i&( TN). (1.7) 
j=l 
We note that g(TN) = {S : S in g’(T,) and limlml+m 1 S”(m)~ = 0} 
and that ,!8( TN) C a( TN). 
If 4 is in g( T,), the set {x; +(x) f 0, x in TN)- (where - designates 
the closure in the torus topology) will be called the support of 4. 
Let G C TN be open in the torus topology. If S is in g’( T,) and 
if S(4) = 0 for every 4 in g( TN) which has its support contained 
in G, we shall say that S = 0 in G. 
Let 2 C TN be closed in the torus topology. We shall say 2 is a set 
of uniqueness for the class 6Z( TN) provided the following holds: 
IfSisinGF?(TN)andS=OinT,V-Z,thenS=O. 
Similarly, we define sets of uniqueness for the classes i4Yj(TN) and 
g’(Tzv). 
Next, by C(t) with 0 < c < l/2, we designate the familiar Cantor 
set with constant ratio of dissection .$ with the point 7~ deleted, i.e., 
r is in C(t) if and only if 
r = 2~(I - 5) i Ekfk-l - 7, 
1 
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where Ed = 0 or 1 and not all E,; = 1. Following [8, p. 1481 we shall 
say 0 is an Y number if 0 is a real algebraic integer which is >l 
with the additional property that all the conjugates of 0 (other than 8) 
have moduli less than 1. Next, we note that if 0 < [j < l/2, 
j = l,..., N, then C([J x *-a x C(.$,) is a set contained in TN which 
is closed in the torus topology. 
We intend to establish three theorems in this paper concerning 
.Y numbers, the first of which is the following: 
THEOREM 1. Let 0 < tj < l/2 for j = I,..., N. A necessary and 
su.cient condition that C(f,) x .a* x C(&) be a set of uniqueness 
for the class GZ( TN) is that each .$’ be an Y number for j = l,..., N. 
This result is well known and by now classical for N = 1, [S, p. 152; 
5, p. 53; 3, p. 741. Next, for 0 < 5 < l/2 and j = l,..., N, we define 
the set B,(t) as follows: 
B,(t) = {x : x in TN and xj in C(t)}. (1.8) 
We note, in particular, that Bi(Q is a set contained in TN which is 
closed in the torus topology. 
The second theorem we intend to establish is the following: 
THEOREM 2. Let 0 < 5 < l/2. A necessary and su$icient condition 
that BJ,[) be a set of uniqueness for the class gj( TN), j = l,..., N, is 
that f-l be an Y number. 
The third theorem we shall establish is the following: 
THEOREM 3. Let 0 < [j < l/2 for j = l,..., N. Then a necessary 
and suficient condition that @, Bi(fj) be a set of uniqueness for the 
class 9?( TN) is that each 6;’ be an Y number for j = 1 ,.. ., N. 
2. PROOF OF THE NECESSARY CONDITION FOR 
THE THREE THEOREMS 
In this section, we assume N 3 2. We first establish the necessary 
condition for Theorem 1. We shall accomplish this by showing that 
there exists a trigometric series C am,ei(m~x) which has the following 
properties: 
The coefficients a, are uniformly bounded, satisfy the condition 
a,,, = a-, for all m, and are such that 
lim 
min(lm~l,...,lVt~l)‘33 ’ um ’ = O’ 
(2.1) 
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There exists at least one lattice point m such that 
%& # 0; (2.2) 
If x0 is in EN - u,,, {[C(f,) x *a* x C(t,)] + 2nm}, then there 
exists ho > 0 such that 
lim C t+o+ 
a&iwLz)-lm12t = 0 uniformly for x in B(xO, ho). (2.3) 
It is clear from (1.5) and (2.1) that the distribution S, defined by 
W) = Cm sd^(-m) for + in &@(TN) is in the class LY(T,). Also, 
if we denote the support of (b in TN by ~(4) and set 
then it follows from (2.3) and the Heine-Bore1 theorem applied in 
the torus topology that if ~(4) C TN - [C(.$r) x .*a x C(fN)], then 
lim S(x, 2) = 0 
t-o+ 
uniformly for x in u(C). 
But then S(4) = lim t+o(2~)-N JTN S(X, t) $(x) dx = 0, and we con- 
clude that S = 0 in TN - [C(tr) x **a x C(.&)]. Also from (2.2), 
we have that S + 0. Consequently, the proof of the necessary condi- 
tion of Theorem 1 will be established once we show the existence of 
a multiple trigonometric series satisfying (2.1)-(2.3). 
With no loss in generality, we assume that <cl is not an Y number. 
It then follows from [8, 11.17, p. 152; 7, 4.20, p. 333; 7, 5.90, p. 3671 
that there exists a one-dimensional trigonometric series C bneinr 
with the following properties: 
b, = h, ; (2.4) 
(2.5) 
there exists at least one n for which 
b, # 0; (2.6) 
given r” with the property that r” is not in C(er) mod 27r, there 
exists h > 0 such that forj = l,..., N 
n2(j-l)b,einv-ln~Zt = () (2.7) 
12 
uniformly for --h + r” < r < h + r”. 
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We conclude from (2.7) and the generalized mean-value theorem that 
with r” and h as in (2.7), 
W-9 
uniformly for --h + TO < r < h + r”. 
Next, for j = 2,..., N, we introduce the perfect sets 
Aj = [-T, -n + 27x3 n C(&) 
and denote by Lj(r) the Lebesgue-Cantor function on the closed 
interval [ -7~, --7~ + 2~5;] for the set Aj [4, p. 1011. L,(r) then has 
the following properties: Lj(r) is continuous and nondecreasing on 
the interval [-T, --7~ + 27~5~1; Lj(-n) = 0 and Lj(--rr + 2nfj) = 1; 
Lj(r) is constant on each open contiguous interval of Aj . 
We next define Fj(r) for -QT < r 6 T as follows: 
J-j(Y) = h(r), -?r < Y < -?7 + 274 ) 
= 1, -?r + 2&j < r < 57 - 274 ) 
= 1 - Lj[Y + 277& - 24, i-r - 2m5 < Y < T. (2.9) 
We then define Fj(r) for -cc < Y < co by periodicity of period 2n 
and observe in particular that Fj( ) Y is continuous on the real line and 
of bounded variation on the closed interval [-n, 7~1. 
Designating the Fourier coefficients of Fj(r) by FjA(n), we conclude 
that 
and that 
1 ?zFjA(?z)I = O(1) as In/+co, (2.10) 
for each j, there exists an n such that 
n.FjA(?z) f 0. 
Also, from [2, p. 301, we have that 
(2.11) 
c inFjA(n) einr-n’t = (47rt)-1’2 J-1 e-lr-~~l”/4t dF,(s). (2.12) 
12 
We conclude from (2.9) and (2.12) after an integration by parts that 
given r” with the property that r” is not in C(ej) mod 2n, there 
exists h > 0 such that 
$2 PN c inFjA(n) einr-n2t = 0 (2.13) 
uniformly for --I2 + r” < r < r” + h. 
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Furthermore, from the fact that Fi(r) is real-valued, we have that 
inF,^(n) = (--i?zFjA(--n)). (2.14) 
Next we set 
a, = (i)“-’ bmlm2F2h(m2) ... m,F,A(m,), (2.15) 
and obtain from (2.4) and (2.14) that a,, = U, . From (2.5) and 
(2.10), we obtain, first, that there is a constant Kr such that 1 a, 1 < Kl 
and, secondly, that 
lim / a, 1 = 0. 
lm,+m 
(2.16) 
We conclude that the multiple trigonometric series 2 a,ei(m~z) 
meets condition (2.1). From (2.6), (2.11), and (2.19, we obtain that 
the series also meets condition (2.2). If x0 is in 
EN - u {[c(td x *” x C(tN)] + zTrn}, 
m 
then it follows that there exists j’, 1 < j’ < N, such that xj’ is not 
in C(fj,) mod 2~. From the fact that b, = o( 1) and nFjA(n) =I 0( 1) 
as j n 1 + co, we also have the existence of a constant K such that 
for t > 0 
C 1 b, 1 e-lnlzt < Kt-l 
n 
and 
1 1 nF,^(n)I e+lzt < Kt-l for j = 2,..., N. 
We conclude from (2.8), (2.13), and (2.15) that there exists an h > 0 
such that 
1 1 ameimA-lm12t / < (Kt-y-1 o(tN-1) 
111 
(2.17) 
as t --f 0 uniformly for --h + x;, < xj, < A$, + h. But (2.17) implies 
that (2.3) also holds for the multiple series C a,ei(m+), and the proof 
of the necessary condition of Theorem 1 is established. 
The necessary conditions for Theorems 2 and 3 follow immediately 
by considering the special case when e1 is not an Y number and using 
the one dimensional trigonometric series C b,einr described previously. 
We leave the details of the proof to the reader. 
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3. PROOF OF THE SUFFICIENCY CONDITION OF THEOREM I 
Before giving the proof, we shall establish three lemmas. First of 
all, however, for X and 4 in 9(TN) and S in 9’(TN), we define 
S(X + if+) = S(A) + iS($b). s o in particular we have from (1.1) that 
P(m) = (27ryJ q-i(-)). (3.1) 
Next we note that with A, 4, and S as before that AS is in Y( TN) 
when we define (AS)(+) to be S(h4). Using p also to designate lattice 
points in EN , we next claim that 
(xsy (m) = 1 Y(p) S^(m - p). (3.2) 
P 
(We note from (1.2) and the fact that h is in 9( TN) that the series on 
the right in (3.2) is absolutely convergent.) 
To establish (3.2), we note that e-Qm~)A(x) = & A^(nz - p) e-i(‘l.z). 
Consequently, from (3.1) 
(hS)^ (m) = (27~)~~ (hS)(e-i(m,5)) = (27~)~~ S[e-i(m,z)A(x)] 
= (27~)-~ C h^(m - p) Sag = 1 X”(p) S^(m - p), 
P P 
and (3.2) is established. 
The first lemma we prove is the following: 
LEMMA 1. Let S be in 9( T,), X be in 9( T,), and G C TN be a set 
open’& the torus topology. Suppose that X has its support in G and that 
S = 0 in G. Then XS = 0. 
Since A+ has its support in G for all 4 in Q( T,), Lemma 1 follows 
immediately from the definition of AS. 
The next lemma we prove is the following: 
LEMMA 2. Let N > 2. For each j, with j = l,..., N, let Zi C TI 
(=[-rr, r)) be a set closed in the one-dimensional torus topology. Also, 
let &,&))iL b e a sequence of functions in 9( TI) having the following 
four properties: (i) X,,k has its support in TI - Zj ; 
(ii) hT,JO) = 1; 
(iii) lim,,, XT,Jn) = 0, n $; 0; 
(iv) there is a constant M such that for j = l,..., N and 
k = 1, 2,... 
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Suppose S is a distribution in @(TN) such that 
s=o in TN - [Z, x -1. x ZN]. 
Then S E 0. 
To prove the.lemma, for i = l,..., N, we define 
where j1 < j, < j, < **. < ji , and 
d4 = ; (-lY+l rli,k(X). 
a’=1 
In particular for N = 3, 
From (ii) in the hypothesis of the lemma and (3.5) we obtain 
Qh(0) = f (- l)i+l (Y) = 1. 
i=l 
Likewise, we have for m, f 0 that 
145 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
71a^(m, , O,..., 0) = qk(ml) F(4)’ (“, ‘) = 0, 
i=O 
and in general that for m, **a mio # 0, 1 < j, < N - 1 
rlkA(ml ,..., mio , O,..., 0) 
On the other hand, for ml *I* m,,, # 0, we have from (3.5) that 
rlkA(ml , . . . , mN) = (- 1 )l”+l Ai,, -0. hG,,(m,). Summarizing (3.7) 
and this last fact, we have 
qkA(m) = 0, m, **em, = 0 and m # 0, 
= (-l)N+l h;,(m,) *em h;*,(m,) m, *** mN # 0. (3.8) 
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Next, we observe from the hypothesis of the lemma that 
21 x ... x 2, is a set contained in TN which is closed in the torus 
topology. Also, we have that rlk(x) is in 9(T,v) and from (3.4) and 
(3.5), we obtain that 
v~(x) has its support in TN - [Z, x ... x Z,]. (3.9) 
We conclude from (3.3), (3.9), and Lemma 1 that vkS G 0 for 
k = 1, 2,... . But then it follows from (3.2) that 
; %^(P) s-cm - PI = 0, for every m and k = 1, 2 ,... . (3.10) 
Next, we let aj = - 1 or 1 for j = I,..., N and we define 
Wl ,..., sN ; m) 
= f f .** p~l~kA(PB, ,-., pNaN) S”[m - (PA ,..., h&)1. (3.11) 
PI=1 p2=1 N 
It follows from (3.8) and (3.10) that 
-7)kV) Wm) = C I,(S, ,..., SN ; m). (3.12) 
61=+1,...,6N=+N 
If we show that for each choice of (6, ,..., 6,) 
b-5 I,(& ,...) sN ; m) = 0, (3.13) 
it will then follow from (3.6) and (3.12) that S-(m) = 0 for every m 
and, consequently, from (1.3) that S E 0, which is the desired 
conclusion of the lemma. Therefore, the proof of the lemma will be 
complete once we establish (3.13). 
In order to establish (3.13), we fix m and let E > 0 be given. If we 
can show 
liy+zup I1,(6, ,..., aN ; m)i < E, (3.14) 
(3.13) will be established. We now show that (3.14) holds. With M 
as in condition (iv) in the hypothesis of the lemma, we use (1.5) and 
choose an integer P sufficiently large so that 
1 S”(m - p)I < CM-~ for min(I pl I?..? I pN 1) 3 p. (3.15) 
Next, we introduce various sets of integral lattice points in the 
positive octant as follows for j = l,..., N: 
Qj,p={~:l~~pj~P,l~pi<oo,P<p,<co; 
i=l ,..., j - 1 and n =j + I,..., N). (3.16) 
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In case j = 1 or N in (3.16), the obvious interpretation is to be given. 
Also, we set 
Q = {p: 1 <pi < co, i = l,..., N} (3.17) 
and 
Qp’ = {p: P + 1 <pi , i = l,..., N}. 
Next, we observe from (3.16) and (3.17) that for N 3 2, 
Q = QP' u cl QLP 3 (3.18) 
By hypothesis, S is in a( TN). We obtain from (l.S), therefore, 
that there exists a constant K such that 1 P(m - p)I < K for all p. 
Consequently, we have from (3.8) that 
I rl,-‘(Plh Y...> PNh) s*[m - (plsl p-.9pNs~)lI 
G K 1 ‘;&$,)1 *‘* 1 h;,,(&&)l- (3.19) 
From condition (iv) in the hypothesis of the lemma, from (3.16) 
and from (3.19), we conclude that 
for j = l,..., N. 
But from condition (iii) in the hypothesis of the lemma, we have 
that for each fixed j 
(3.21) 
We, consequently, conclude from (3.11), (3.17), (3.18), (3.20), and 
(3.21) that 
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But it follows from (3.15), (3.17), and (3.22) that 
liy+yp I1&4 ,..., SN ; m)I 
On the other hand, it follows from condition (iv) in the hypothesis 
of the lemma, (3.8), and (3.17) that 
.*Fo I rlk^(PlS, >...! PNSN)I < MN. (3.24) 
P’ 
(3.23) in conjunction with (3.24) gives (3.14), and the proof of the 
lemma is complete. 
Next, we say a set A C [-‘rr, 7~) (= Tr) is an H’“)-set if A meets 
the definition given in [5, p. 501. (See also [3, p. 59; 7, p. 3461.) 
We also observe that the functions h and TV described in [5, p. 511 
can be constructed in such a manner so that both are in g(T,) and 
such that furthermore each has its support respectively in the open 
intervals (aI, /3r) and (as, pa). Also, we observe that lim,:,, & = I # 0, 
where &. = (277)-l J’F X(p,x) ~(q~x) dx. Therefore, there is a K, such 
that for k > k, , the 0th Fourier coefficient of X($+x) ~(Q~x)/<~ is 
equal to 1. Furthermore, we see that the nth Fourier coefficient for 
n + 0 tends to zero as k --f co. As a consequence, we see that the 
following general fact holds: 
If Zj C Tl is an Hcnj)- set which is closed in the one-dimensional 
torus topology for j = I,..., N, then there exists a sequence 
{~j.P(~)}~~l which meets conditions (i)-(iv) in the hypothesis of 
Lemma 2. (3.25) 
From (3.25) and Lemma 2, we then obtain the following lemma. 
LEMMA 3. Let N > 2. Suppose that Zi C T, is an Hcnj)-set 
closed in the one-dimensional torus topology for j = I,..., N. Then 
2, x *‘* X ZN is a set of uniqueness for Gl( TN). 
It is now an easy matter to establish the sufficiency condition of 
Theorem 1. We have that for each j, j = I,..., N, that &r is an 
Y number. Consequently, it follows from the remark in [5, p. 561, 
that for each j, there exists a positive integer nj such that C(fj) is 
an EP*i)-set. Since for each j, C(cj) C Tl and is closed in the one- 
dimensional torus topology, it follows from Lemma 3 that 
C(fl) x *a* x C(&) is a set of uniqueness for @(TN), and the proof 
of the sufficiency condition of Theorem 1 is complete. 
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4. PROOF OF THE SUFFICIENCY CONDITION OF THEOREM 2 
We assume that N 3 2, and with no loss in generality that j = 1. 
Consequently, we are given that 6-l is an Y number, that S is in 
gl( T,,,), and that 
S=O in TN - 4(t), 
where B, is defined in (1.8). Also, we have that 
(4.1) 
and that there is a constant K and a positive integer 01 such that 
I W4l < K(I m Ia + 1) for all m. (4.3) 
Now since C(g) is an EP-set for some positive integer n, it follows 
from [5, p. 511 ( as in Section 3) that there exist a sequence of periodic 
functions (hk(r)}& h aving the following properties: 
AR is in 9( T,); (4.4) 
X, has its support in Tl - C(t); (4.5) 
Akh(0) = 1 and g+T Ak^(j) = 0, j = 51, &2,...; (4.6) 
there is a constant M such that for k = 1,2,... 
We set 
j--cc 
(4.7) 
(4.8) %4x) = u%) 
and observe 
rlkAW = 0 if mz2 + *.a + mN2 # 0, 
= X,^(m,) if m22 + ... + mN2 = 0. (4.9) 
From (4.4), (4.5), and (4.8), we see that qk(x) is in s(TN) and has 
its support in TN - B,(t). We obtain, consequently, from (4.1) and 
Lemma 1 that T,$ = 0. But this implies that 
2 7&P) P(m - p) = 0 for all m, (4.10) 
P 
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and we conclude, therefore, from (4.9) and (4.10) that 
-h,^(O) F(m) = ff SA[m - (p, ) o,..., O)] Ak^(P,) (4.11) 
PI=-” 
for k = 1, 2,..., where ’ indicates that pi = 0 is omitted in the sum. 
Next, we fix m and let E > 0 be given. It follows from (4.2) that 
we can find a positive integer P such that 
1 SA[m - (p, , O,..., O)]] < him for I Pl I 3 P, (4.12) 
where M is given in (4.7). 
We conclude from (4.3), (4.7), (4.1 I), and (4.12) that 
I bcA(0) Wm)l < K(I m I + P + 1)” i’ I hA( + E. (4.13) 
PI=-P 
Leaving k--j ok in (4.13), we obtain from (4.6) that 1 S*(m)1 < E 
and, consequently, that F(m) = 0. Since m was fixed but arbitrary, 
we conclude that S 3 0, and the proof of the sufficiency of Theorem 2 
is complete. 
5. PROOF OF THE SUFFICIENCY CONDITION OF THEOREM 3 
We first observe that if X is in g( TN) and S is G!( T,), gj(T,“) or 
g(TN), then AS is in QZ(T,), .Bj( T,), or B’( TN), respectively, where 
j = l,..., N. Since Bj( TN) for j = 1 ,..., N is a set of uniqueness for 
a(TN), it follows from Theorem 2 that the proof of the sufficiency 
condition of Theorem 3 will be established once we show that the 
following lemma holds (see also [3, p. 611). 
LEMMA 4. Let a*( TN) C Q’( TN) b e a class of distributions enjoying 
the following property: if X is in B( TN) and S is in @*(TN), then AS 
is in G!*(T,). Suppose that Zi C TN is closed in the torus topology and 
is a set of uniqueness for the class o%*( TN) for j = 1,2. Then Z, u Z, 
is a set of uniqueness for the class @l*( TN). 
To prove the lemma, for 0 < h < 1 and x0 in TN , we let B*(xO, h) 
designate the ball with center x0 and radius h in the torus topology, 
i.e., if x is in TN , then x is in BT(xo, h) if / y I < h, where y is in TN 
and is congruent to x - x0 mod 27r in each variable. Next, let 
S be in cpG*(TN) (5.1) 
and suppose 
Set 
A’ 
and 
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s=o in TN - (2, u Z,). 
{X : x in TN and there exists an h with 0 
such that S = 0 in P(x, h)) 
(5.2) 
< h<l 
(5.3) 
A = TN- A’. (5.4) 
Clearly A’ is open and A is closed in the torus topology, and 
TN - (2, u 2,) C A’. Consequently, from (5.4) we have 
A C Z, u Z, . (5.5) 
If A A 2, is empty, then TN - 2, C A’. Therefore, from (5.3), 
the Heine-Bore1 theorem, and a partition of unity, we have that 
S = 0 in TN - 2, . But 2, is a set of uniqueness for fZ*(T,), and 
we conclude from (5.1) that 5’ = 0. If A n 2, = A n 2, , we have 
from (5.5) that A C 2,. Consequently, TN - 2, C A’ and we con- 
clude once again from (5.3) that S = 0. 
The only remaining case that we need consider, therefore, is when 
both A n 2, and A n 2, are nonempty and A n 2, # A n 2,. 
As a consequence we have 
there exists x0 in 2, n A and an ho with 0 < ho < l/2 such that 
BT(xo, 2h,) n (A n Z,) = 0, (5.6) 
or a similar situation with 2, and 2, interchanged. With no loss in 
generality, we shall assume (5.6). Next, we choose a function J,!J in 
9(TN) which has the value one in B(0, ho) and the value zero in 
TN - B(0, 3h,/2). We then set X(X) = Q!J(X - x”) and have the fol- 
lowing properties for h: 
X is in LB(TN), (5.7) 
and 
x=1 in BT(xo, ho), 
A=0 in TN - BT(xo, 3h,/2). 
(5.8) 
From (5.1), (5.7), and the hypothesis of the lemma, we have 
AS is in a*( TN). (5.9) 
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Next, let 4 be in @TN) and suppose that 
49 C TN - Z, > (5.10) 
where u(#J) designates the support of 4. Then A$ is in g( TN) and clearly 
and UW) c u(d)* (5.11) 
From (5.6) and (5.8), we have that 
U(X) n (A n Z,) = 0, (5.12) 
and from (5.10), 
~(4) n (A n Z,) = 0. (5.13) 
We conclude from (5.5), (5.11), (5.12), and (5.13) that 
u(Q) n A = 0. Therefore, from (5.4) we have that a(+) C A’. But 
then from the Heine-Bore1 theorem, (5.3), and a partition of unity, 
we have that S(A#) = 0. But AS(#) = S(+), and we conclude that 
XS(& = 0. (5.14) 
2, , however, is a set of uniqueness for the class OZ*(TN), and we 
conclude from (5.9), (5.10), and (5.14) that 
AS = 0. (5.15) 
Next, let 77 be in g( TN) and suppose 
u(7) c BT(XO, ho). (5.16) 
Then, it follows from (5.8) and (5.16) that for x in TN, X(x) q(x) = v(x). 
Consequently, from (5.15), we have that 
S(q) = S(iq = AS(~) = 0. 
We conclude from (5.16) and this last fact that 
s=o in BT(xo, ho). (5.17) 
But from (5.17), we have that x0 is A’ and, therefore, not in A. 
We have, consequently, obtained a contradiction to (5.6) and the 
proof of the lemma is complete. 
In closing, we point out that the notion of a two-dimensional 
H(n)-set introduced in [6] (called an H(J)-set there) can be clearly 
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extended to N-dimensions. As a consequence, using the techniques 
in [6] in conjunction with the developments given here, we see that 
the following fact holds: 
If Z C TN is an N-dimensional H (n)-set which is closed in the torus 
topology, then Z is a set of uniqueness for the class ~3( TN). 
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